Abstract
INTRODUCTION
Arched structures are often used as supporting structures for bridges or other long-span structures. A well-designed arch should be purely under compression, but in the real world, it is also bent due to the nature of a live load or various imperfections. From a design point of view, arches are complicated and interesting and are usually a part of important civil structures. Verification of an in-plane buckling of an arched structure ( Fig. 1 ) is provided, using three different design methods according to the Eurocodes:
1) The substitute member method (SM) according to (STN EN 1993-1-1) 2) Equivalent imperfections for arched bridges (TAB. D.8) according to STN EN 1993- 
A comparative parametric study was carried out for hingeless (fixed), 3-hinge and 2-hinge arches.
THE NUMERICAL EXAMPLE CONSIDERED
Static and buckling analyses were carried out using the 1 st order theory for the SM method and the 2 nd order theory for TAB. D.8 and the EUGLI method. The 2 nd order analysis used in this article is not in fact a large deflection analysis -the so-called Newton-Raphson method (in terms of numerical analysis) -but a simplified approach, which only takes into account only the contribution of axial forces on the displacements. The difference in using this simplified approach and a large deflection analysis is negligible for ordinary frame structures. The graphic results for both theories are similar, almost identical in shape, and can be seen in Fig. 2 
VERIFICATION

Substitute Member Method
The substitute member method is the most used method for verifying compressed members. It was derived for members with a uniform axial force and cross-section throughout their lengths. This condition is not satisfied in the example, but the values of the axial force change very slightly over the member's length; therefore, this method can be used for a comparison with a relatively good degree of accuracy.
The effect of any imperfection is hidden in the reduction factor χ through the imperfection factor, which in this case is α y = 0.49 (buckling curve 'c' for the given cross-section). All the internal forces are calculated using the 1 st order analysis. The N Ed,max and M Ed,max are taken into account with the proper interaction factor k yy , because they are not in the same position. Using α cr and N Ed,max , the quantities λ rel , χ and N b,Rd (the design buckling resistance of a member) could be determined. According to the FEM analysis, the axial and shear forces are uniform along the element, the number for which represents the element's ordinal number. The other results are unique for each node, such as the reactions, bending moments, displacements, and buckling modes (displacements), in which case the number represent the node's ordinal number. These numbers are subsequently written as subscripts. To simplify the verification further, the values of the axial force in the adjacent elements could be averagedas if they were represented at a node. No simplification was performed in these calculations; thus for the verification, it has to be distinguished for each element as to which node is verified. This is irrelevant for the SM method.
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Equivalent Imperfections For Arched Bridges
An equivalent imperfection for an arched structure could be obtained according to STN EN 1993-2, annex D, chapter D.3 Arched bridges, Table 8 . Shape and amplitudes of imperfections for in-plane buckling of arches. When dealing with imperfections, internal forces have to be calculated using the 2 nd order analysis. The equivalent imperfection has the form of two asymmetric half-waves of the sine function -see Table 2 . The amplitude for this type of imperfection depends on the buckling curve assigned for the given cross-section. In our case (buckling curve "c"), e 0 = ±L/400 = ±40/400 = ±0.1 m.
Tab. 2 Table D.8, taken from STN EN 1993-2 Annex D.
shape of imperfection (sinus or parabola)
e o according to classification of cross section to buckling curve
The imperfection could be (for the sake of the simplification) replaced by a uniform asymmetric load along the arch -see (1). (1) Taking into account the imperfection, the equivalent design uniform load is:
g Ed,1,eq = g Ed,1 + q eq = 48 + 2.1 = 50.1 kN/m Ed,2,eq = g Ed,2 -q eq = 36 -2.1 = 33.9 kN/m Note: The difference in internal forces between using the equivalent load and the original load acting on an imperfect structure is negligible.
The maximum stress has been achieved at element 19, node No. 22, where:
The Eugli Imperfection Method
The Equivalent Unique Global and Local Initial Imperfection (sometimes referred as the "EUGLI imperfection") is a relatively new design method that has not been well utilized in design practice. It can be found in (STN EN 1993-1-1) clause 5.3.2 (11). This method will be described below.
The main idea is that the shape of the imperfection has the form of the critical elastic buckling mode. The SM method is also based on the same idea, where the imperfection for a simply supported member with a uniform cross-section and axial force all over the length of the member has the shape of a half-wave of the sine function. Chladný (2013) generalized this procedure for frame structures. This method is also designated for the verification of members with a non-uniform cross-section and/or non-uniform axial compressive force Kováč (2012) . In recent times, it was successfully used in the design of two similar arched bridges, i.e., the Apollo bridge (Slovakia 2005) and the Pentele bridge (Hungary 2007) .
The advantage is that the equivalent imperfection includes both global and local aspects for the verification of stability. This shape is considered to be the most effective shape for the loss of stability in general. Other methods according to (STN EN 1993-1-1) 5.3.2 separate local and global imperfections in terms of a local bow imperfection and the initial sway of columns (for frame structures). Almost all of the structural analysis software today provides stability calculations, which results in α cr and the shape of the critical elastic buckling mode η cr (x). Both of these results are necessary not only for this method to be used but also for the 2 nd derivation of η cr (x), which, however, most of the software does not provide, but that is just a matter of a numerical evaluation. The problem with this verification approach is that there are no experimentally established and statistically evaluated amplitudes for these types of imperfections. Considering the complexity of frame structures, it is probably not possible. Because no amplitudes have been established, it is possible to use the ones determined by the Basic requirement, i.e., The buckling resistance of a frame structure with axially loaded members shall be equal to the flexural buckling resistance of the substitution member (Chladný, 2013) . This premise is the main contribution of Chladný's paper.
The imperfection shape η init,m (x) shall be affine to the 1 st buckling mode η cr (x). Its maximum amplitude η init,m,max (m is the critical cross-section) is based on e 0,d (the design value of the initial bow imperfection) and M η,cr,m (the bending moments due to the shape of η init,m (x)); see an illustrative example in Fig. 3 . The results of the Basic requirement are that if the utilization factor of the member is less than 1.0 according to the SM method, then, according to the EUGLI method, the utilization factor for the same member is even lower. In the event the utilization factor of the member is equal to 1.0 according to the SM method, then it is also equal to 1.0 according to the EUGLI method. This is caused by the behaviour of the 2 nd order analysis. The equivalent initial imperfection η init,m (x) is determined by multiplying the shape η cr (x) with the maximum amplitude η init,m,max . It covers both the global and local imperfections for the entire structure. From the imperfect structure analysis, the addition of bending moments M η,cr (x) (as an influence of the axial force acting on an imperfect structure) can be clearly separated from the bending moments due to the external load. Note that e 0,d,m is at the point where the curvature of η init,m (x) is at its maximum, and it can be graphically interpreted, as can be seen in Fig. 3 . The cross-section verification, instead of the member verification, can be carried out. All the internal forces should be calculated using the 2 nd order analysis. This method is iterative in general, because the critical cross-section x m has to be found. It is the point where the interaction of N Ed,m and M Ed,m + M η,init,m,m has the overall maximum effect. There are four combinations in the relation between the uniform or non-uniform axial force and the uniform or non-uniform cross-section. Only in the case where both the crosssection and axial force are uniform is the calculation not iterative; the position of the critical cross-section x m could be found directly.
The reader can find more information and examples developed in Baláž (2008) 
The bending moment in the critical cross-section m due to the η cr (x) is:
The design value of the maximum amplitude for the EUGLI imperfection η init,m (x): (6) The shape of the η init,m (x) imperfection: (7) Bending moments on the imperfect structure due to the action of axial force N Ed : (8) If the critical point m could be located directly, (8) could be simplified into (9): (9) where:
is the maximum amplitude of the critical buckling mode, which usually equals 1.0 if the buckling mode is normalized; is the relative slenderness for the critical cross-section m; α is the imperfection factor for the relevant buckling curve; and α cr is the minimum force amplifier for the axial force configuration N Ed in the members to reach the critical elastic force.
The verification according to the EUGLI method could be divided into five steps: 1) After carrying out the static and buckling analyses, the curvature of the buckling mode η cr "(x) should be calculated. These calculations can be done 'by hand' or by using software, e.g. Rubin et al. (2004) (the author does not know of any other software that can provide these calculations). 'By hand' means to use one of the methods of numerical differentiation, e.g. (20). To obtain the curvature of η cr (x) either the 2 nd derivation of the displacements or the 1 st derivation of the rotations has to be performed. Using the displacements in the case of arches is questionable due to the nature of the node displacement. A node displacement of a frame structure (in general) always has two components (vertical and horizontal) versus a single member -where this question would never arise. The rotation of the nodes, which is already the 1 st derivation of η cr (x), is known from the buckling analysis too. To obtain the required η cr "(x), a differentiation of these rotations is needed. This method is considered to be less accurate in general as opposed to the 2 nd differentiation of the displacements, but it seems to be less questionable too. It is advisable to use the second approach, i.e., differentiating the rotations. (11) y i ' is in fact the η cr "(x); y is the node rotation; h is the distance between two adjacent nodes.
Note: To preserve accuracy, all the distances (length of the elements) should be equal. 2) The cross-section at each element has a different axial force for which it is necessary to calculate quantities λ rel and e 0,d . Because the M ηcr is different for each node, η init,m,max has to be calculated for both ending nodes of an element -see the results in Table 3 .
For the sake of clarity, a representative calculation for element 19, node 22, is provided below:
3) If the results are prepared, the critical cross-section m for the first iteration could be estimated. Because the shape of the axial forces is changing very slightly over the length and because both maximum bending moments, i.e., M Ed,max and M η,cr,max , are located approximately at the first quarter of the span, the location of point m is also expected at this location, i.e., somewhere between nodes 19~23. But it is generally best to follow the stresses or the utilization factors U (as in this case) and to choose the point with the maximum stress due to the N Ed + M Ed . Therefore, the element 19, node 22, has been chosen for the 1 st iteration step, U N19+M22 = 0.4653, which is the maximum value of U N+M .
4) The 1 st iteration: Based on the value η init,m,19,22 , M η,init,m is calculated for the surrounding nodes. A point with the highest utilization factor (or stress) has to be found; see Table 4 .
There is also another approach that could be used to find this ultimate point. Using formula (7) the exact form of the imperfection for the given η init,m is obtained. Executing the 2 nd order static analysis on a specific imperfect structure will result in a verification based only on the stresses. The disadvantage is that the bending moments M Ed and additional M η,init cannot be separated in the verification. This approach is not used in this article.
Element 18, node 21, has the highest U, for which the calculations are as follows:
5)
Next iteration: Because the cross-section with the highest U (element 18, node 21) is not the same as the one initially expected (element 19, node 22), step 4 has to be repeated until they are the same. Now, based on the new value η init,m,18,21 , the M η,init,m is calculated for the surrounding nodes. For the 2 nd iteration results, see Table 5 . Element 18, node 21, has the highest U, for which the calculations are as follows:
The node with the highest utilization factor is the same as expected at the end of the previous iteration step. This verification converged quickly, i.e., after just two iterations, because in this case, the axial force is almost uniform; it changes very slightly along the structure. The critical point m is usually 'moved' from the point of the maximum U M to the point of the maximum U N . The M η , init and the final verification can be interpreted graphically, as seen in Fig. 4 
DISCUSSION AND CONCLUSION
The comparison of these three design methods according to the Eurocodes has been carried out for the spectrum of f / L = 0.1 ~ 0.5 for various arches: hingeless (Fig. 5) , 2-hinge (Fig. 6 ) and 3-hinge (Fig. 7) .
Comparing Figs. 5~7, the best 'match' in the verification using the three different design methods is for the hingeless arches. The differences are almost negligible. For the 2-hinge and 3-hinge arches, the substitute member method is about 10-20 % on the 'safe' side compared to the equivalent imperfection methods. The impossibility of determining the ultimate cross-section position (point m) in a structure is a drawback of the SM method. For the 3-hinge arches, there is a really good 'match' in the verification between the Tab. D.8 method and the EUGLI method, which is caused by the fact that there are no bending moments due to the external load, because of the nature of the load relative to the static scheme and the shape of the arches. It has to be noted that none of these methods could be used for the verification of flat arches, i.e., a snap-through of arches. Among these three design methods, the EUGLI method seems to be the most complicated, but it describes the buckling behavior in the best way. It also has the most efficient shape for the loss of stability, compared to the other equivalent imperfection methods. The iterative verification process would be exactly the same for members with a non-uniform cross-section as described in section 2.3. The bending and axial stiffness in this case should be different but uniform for each element. The procedure is best suited for use with structural software, where the buckling analysis is provided. Using this method, the addition of the bending moments due to the imperfection can be clearly separated in the final verification. In some very simple cases, where the position of the critical cross-section m could be directly determined, the effect of the 2 nd order analysis on the imperfect structure could be calculated by just using the simplified formula (9). As there are no experimentally established amplitudes for the EUGLI imperfections, the proposed procedure for determining the e 0,d,m , which is based on the substitute member method, has to be used. This step might be confusing for EC users, who may be unfamiliar with the background of the EUGLI method. Fig. 4 The final verification.
